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232 PROBLEMS AND SOLUTIONS. 

In particular, if the circles having UU' and WW as diameters intersect at 
the points P and Q, 

BP:PC = BA: AC and BQ : QC = BA : AC. 
Similarly, 

AP:PB = AC : CB and AQ : QB = AC : CB. 
Hence 

AP:PC= AB: BC and AQ : QC = AB : BC. 

It follows that P and Q are points on the circle having VV as diameter. 
Hence the three circles UU', VV, WW are coaxial. 

2. Since (BC, UU') is a harmonic range, any circle passing through B and 
C is orthogonal to the circle having UU' as diameter. Hence, the circumcircle 
is orthogonal to that circle. Similarly the circumcircle is orthogonal to the 
circles VV and WW. 

Hence, if be the circumcenter, OA is a tangent to UU', OB to VV and OC 
to WW. But these tangents are equal in length. 

Hence is a point on the common chord of the circles UU', VV, WW. 

Also solved by C. E. Horne, David F. Kbllbt, Elijah Swift, Roger A. Johnson, and 
C. N. Schmall. 

457. Proposed by NATHAN altshiller, University of Washington. 

AB and AC are respectively a diameter and a chord of a circle whose center is 0. The 
lines joining B to the extremities of the diameter perpendicular to AC, meet AC in the points 
M, N. Express the angle MON in terms of the angle CAB. 

Solution by J. A. Caparo, University of Notre Dame. 

Let E and D be the extremities of the diameter perpendicular to AC at 
the point K. With the notation of the figure we easily see that 

sin Z AMB = sin Z ABN = cos 2. 




Hence, by the sine law, letting AB = 2R, we have in A ANB, AN = 2R cot z, 
and in A AMB, AM = 2R tan z. Also from A AKO, AK = R cos y, OK = R sin y. 
KN=AN-AK = 2R cotz-R cos y, MK = AM -AK = 2Rtanz-R cos y. 

M K 2 tan z - cos y .. , , , KN 

.'. tan u = ttf : • Also tan (x + u) = -^ . 

OK siny KO 
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Hence, substituting the values of KN and OK, 

tan x + tan u _ 2 cot z — cos y 
1 — tan x tan u sin y 

Substituting the value of tan u, 

2 sin ?/(tan z — cot 2) = 2 tan x cos #(cot 3 + tan z) — 5 tan .x. 

2 

But tan z — cot 2 = — 2 tan y and cot 2 + tan z = . 

cos y 

Hence, substituting and reducing, 

tan x = 4 tan ?/ sin y, 
the required relation. 

Also solved by Paul Capron and J. W. Clawson. 

45S. Proposed by CLIFFORD N. MILLS, Brookings, S. Dak. 

Given edges I, to and n of a parallelopiped and angles a, 6 and c which the edges make with 
one another. Show that, if s = ■= , the volume equals 



2lmn A/sin s sin (s — o) sin (s — b) sin (s — c). 

Solution by Frank R. Morris, Glendale, Cal. 




Given the parallelopiped AH with / BAC = a, / DAC = 6, / BAD = c, and AB = I, 
AC = to, AD = n. 

The area of the base BD is equal to In sin C. 

From the vertex C drop a perpendicular to the base BD meeting it at E. From E draw 
perpendiculars to AB and AD meeting the lines at F and G, respectively. CE is the altitude 
■of the parallelopiped and we know that the volume is V = CE ■ In sin c. (1). 

The triangles AEC, AFC, AGC, AFE and AGE are right triangles. Hence, we have 

CE* = to 2 - AW, (2) AF = m cos a, AG = m cos b, (3) 

AF - AG 

cos Z -EAF = _- (4) and cos (c — / EAF) = -7-= , 
Aft AsL 

or 

cos c cos z FAF + sin c "\ll — cos 2 z FAF = -ps . (5) 

Ash 
E lim inating cos Z FAF from (4) and (5) 
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